This paper develops non-Schmid crystal plasticity constitutive models at two length scales, and bridges them in a multi-scale framework. The constitutive models address thermo-mechanical behavior of Nickel-based superalloys for a large temperature range, viz. 300 Ke1223 K, and include orientation dependencies and tension-compression asymmetry. The orientation dependencies result in tensioncompression asymmetry for almost all orientations on the standard unit triangle. However simulations show different trends for the stronger direction (tension or compression) in terms of yield stress and hardening. The multi-scale framework includes two sub-grain and homogenized grain scales. For the sub-grain scale, a size-dependent, dislocation density-based FEM model of the representative volume element (RVE) with explicit depiction of the g-g 0 morphology is developed as a building block for homogenization. For the next scale, an activation energy based crystal plasticity (AE-CP) model is developed for single crystal Ni-based superalloys. The homogenized AE-CP model develops functional forms of constitutive parameters in terms of characteristics of the sub-grain g-g 0 microstructural morphology including g 0 shape, volume fraction and g channel-width in the sub-grain microstructure. This homogenized model can significantly expedite crystal plasticity FE simulations due to the parametrized representation, while retaining accuracy.
Introduction
Nickel based superalloys are used extensively in the aero-engine industry for turbine blades and disks in the form of single crystals and polycrystals. These alloys contain multiple phases including regular FCC crystal structure mainly Ni in g channel and L1 2 ordered crystal structure in g' precipitates as indicated in Fig. 1 . The L1 2 crystal structure is derived from an FCC lattice, for which a simple cubic sub-lattice is occupied by minority atoms and the three additional sub-lattices are occupied by majority atoms [1] . The ordered structure g' phase is a strengthening constituent with special thermo-mechanical properties to the overall superalloy and depends on the heat treatment. g' precipitates in Nickel-based superalloys has Ni 3 Al-based compositions with L1 2 crystal structure where the corner sites are occupied by the minority (Al) atoms and the face-centered sites are occupied by the majority (Ni) atoms. The major micro-mechanical difference between these two phases is super-dislocation mechanism in Ni 3 Al compounds instead of regular dislocation in FCC crystal structure with almost twice the size of Burgers vector.
The morphology of precipitates including shape, size and volume fraction depend largely on the cooling rate [3, 4] as well as on the internal stress-gradients [5] encountered during casting and heat treatment processes. The average size of g' precipitates, their shape, and volume fraction have a major impact on their mechanical responses [6, 7] .
Mechanical properties, including dislocation mechanisms have been studied extensively for both single and polycrystals of these alloys in Ref. [8] . At lower temperatures, octahedral slip systems are mainly active and slip occurs on these slip systems in both phases.
As temperature increases dislocations in intermetallic g' phase, which are mostly screw dislocations, tend to be locked in a KearWilsdorf (KW) configuration due to cross-slip [9] . The rate of lock formation increases as temperature rises to a maximum around 1000 K. The cross-slip and lock formation mechanisms are shown in Fig. 2 . The mechanisms need not only consider the activation of octahedral slip systems but also the activation of cube slip systems. The activation of cube slip systems is more pronounced for temperatures above the temperature of peak cross-slip rate or critical temperature, which is around 1000 K. However, above this temperature, edge and screw dislocations on cube planes happen without any cross-slip. In order to include cross-slip mechanism into the crystal plasticity constitutive model, the enthalpy term suggested in Ref. [10] is considered. The term includes non-Schmid components of the shear stress as shown in Fig. 2 rather than the Fig. 1 . Two-phase Nickel-based superalloys: (a) morphology of Rene 88-DT [2] including g channel (the white area) and g' particles (the dark area), (b) crystalline structure of g phase, and (c) crystalline structure of g' phase. resolved shear stress or Schmid components. The same mechanism is considered in Ref. [11] to determine the slip system resistance due to cross-slip pinning. The aim of the present study is to develop a morphology dependent constitutive model incorporating nonSchmid shear stresses and APB shearing that can capture the temperature dependency of yield stress, strain hardening and creep behavior of Nickel-based superalloys. This constitutive model can manifest tension-compression asymmetry for different crystal orientations.
Modeling of Ni-based superalloys needs not only to incorporate small length scale microstructural mechanisms e.g. dislocation activities, but must also establish links with higher scales to simulate polycrystalline microstructures [6, 12, 13] . From a computational point of view, it is prohibitive to model polycrystalline superalloy microstructures with explicit representation of the g-g'
microstructures. Multi-scale schemes should be applied in order to bridge between scales [14e16]. The parametric forms and their evolution of constitutive models can accurately represent the effect of microstructural morphology and deformation mechanisms. Therefore, polycrystalline model of Ni-based superalloys can be governed by features at three dominant scales, viz. (1) the subgrain single crystal scale: including the morphology of the g' phase containing the size of them or g channel-width, (2) the single crystal homogenized grain-scale: including parametric constitutive equations, and (3) the polycrystalline grain-scale: including grain boundaries and crystal orientations as shown in Fig. 3 . The subgrain scale study includes investigation of dislocation mechanisms through a non-Schmid constitutive model which depends on the critical microstructural and mechanical features in plasticity models. The microstructural features incorporate morphology and crystallography of the materials while the mechanical features include load intensity, load rate, and temperature. The next step focuses on the homogenized single crystal grain-scale model where a homogenized non-Schmid constitutive model is developed incorporating morphology-based variables. The homogenized model incorporates temperature variation from room temperature to 1223 K, orientation dependencies to capture asymmetry in tension and compression. The resulting hierarchical model has the potential of significantly expediting single crystal simulations, while retaining accuracy. Section 2 introduces the two-phase sub-grain scale with a non-Schmid constitutive model in the crystal plasticity framework. The homogenized single crystal model for the next scale begins in Section 3 to develop a homogenized non-Schmid constitutive model. The homogenization procedure that yields morphology-dependent constitutive parameters and their calibration and validation with sub-grain RVE models as well as experimental results, are discussed in Section 4. A summary in Section 5 concludes the paper.
While this work provides a stand-alone solution to the multiscale CPFEM problem it addresses, the model and techniques developed here are also intended to be incorporated into the Object-Oriented Finite Element code, or OOF [17] . It is a generalpurpose modeling code intended to assist materials scientists and materials engineers in undertaking computational investigations of structure-property relations in a large variety of systems, including mechanical systems whose behavior is dominated by crystal plasticity.
2. Two-pahse g-g' sub-grain scale of nickel superalloys
The material studied is a two-phase, binary Nickel-based superalloy consisting of g(Ni) and g'(Ni 3 Al) phases. Plastic deformation is accumulated through crystallographic slip on activated slip systems, which is different in the two phases. These contribute to plastic anisotropy of the sub-grain microstructure. A dislocation density constitutive model, proposed in Refs. [6] , is modified for a large temperature range (300 K < T < 1223 K). It should be noted that rafting occurs when single crystal superalloys are subjected to stress at elevated temperature (T > 900 C), which is not considered in this study. The model counts for all crystal orientations in tension and compression and employed to simulate the rate-dependent plastic behavior. It incorporates evolution of statistically stored dislocations (SSDs) in both phases due to various dislocation mechanisms, annihilation and generation, while cross-slip dislocations (CSDs) are considered just for g' phase. In order to take into account the gradient of plastic strain at the geometrically incompatible locations such as matrix-precipitate interface and grain boundaries, geometrically necessary dislocations (GNDs) are incorporated.
Deformation of Nickel-based superalloys includes the activation of 12 octahedral slip systems and 6 cube slip systems. However the dislocation mechanisms are different in g-channel and in precipitates. The length of a full dislocation or super-dislocation in precipitates dominant with Ni 3 Al þ XX compositions is 〈110〉 , almost twice as a full dislocation in regular FCC crystals which is 1 2 h110i. This long Burgers vector results in complicated dislocation mechanisms. The dominant mechanism in precipitates for almost all ranges of temperatures is the dissociation of a screw superdislocation into two super-partials, which have a Burgers vector of 1 2 h110i. These create a planar fault anti-phase boundary or APB. Afterward, these super-partials basically split into two Shockley partials, to bound a complex stacking fault (CSF) with Burgers vectors of 1 6 h112i as shown in Fig. 2 . According to this figure, three non-Schmid shear stresses t a pe ; t a cb and t a se acting on primary octahedral, cube and secondary octahedral slip planes respectively are considered in the thermally activated cross-slip mechanism [18] , where these long screw dislocations tend to be primarily locked in the KW configurations with increasing in temperature.
Therefore, f111g〈101〉 screw super-dislocations are able to crossslip from an octahedral slip plane onto a cube slip plane due to a drop in the APB energy. Hence, the dislocation gets locked because it is not energy favor for the dislocation to move forward on the octahedral planes any more. This mechanism in Ni 3 Al þ XX compositions do not follow the Schmid's law in most materials [19] according to experimental observations. Materials which follow Schmid's law usually have symmetric evolution for hardness while the evolution of hardness of the immobile cross-slip dislocations are not symmetric and changes with crystal orientations and even it is different in compression and tension for a given orientation. For one of tensile or compressive loads, t a pe constricts the Shockley partials to increase cross-slip rates which results in a promotion of the yield stress. For reversed loading direction, it hinders cross-slip with a demotion in the yield stress. Therefore, beside twelve octahedral slip systems, six cube slip systems with three planes of the {001} family, each with two slip directions 〈011〉 can be activated to incorporate the cube shear stresses (t a cb ).
Dislocation density-based constitutive model
The crystal plasticity constitutive model divides the deformation gradient F into an elastic part F e for elastic stretching and rigidbody rotations and a plastic part F p without volume change associated with just slip in the absence of rotation in a multiplicative form of
. Velocity gradient associated with the plastic part L p can be calculated as a function of the rate of plastic shear strain g a_ on all slip systems as
where 
where s is the Cauchy stress tensor, C is the anisotropic elasticity tensor which is a fourth order tensor and, I is the identity tensor. The plastic shear strain rate on a slip system is given by the Orowan equation as _ g a ¼ r a M b a v a with the mobile dislocation density as r a M , Burgers vector as b a and the dislocation velocity as v a for a given slip system. The crystal plasticity framework incorporating the signed dislocation density used for superalloys in Ref. [6] is modified in the current study for rate-dependent plastic behavior. The modifications include adding cross-slip dislocation densities, temperature dependency of cross-slip shear resistance and considering cube slip systems in addition to octahedral slip systems. In general, the velocity of dislocations can be written as:
The initial dislocation velocity is considered as v 0 ¼ l a f 0 where f 0 is the attack frequency and l a is a temperature dependent jump width. The jump width l a can be calculated in terms of parallel and
. The temperature dependent velocity in this equation includes the absolute temperature q and the activation energy Q. The exponent p in the sinh term is changed for different hardening evolution. The dislocation velocity in this equation changes with the resolved shear stress due to the applied stress t a , the passing stress t a pass parallel to the slip system and the cutting stress t a cut perpendicular to the slip system. The slip system dependent hardening parameters are given as [20] :
where G is the shear modulus and c 2 and c 3 are material constants. Contributions to the total slip resistance are considered to be due to statistically stored dislocations or SSDs. Statistically stored dislocations r a SSD are rate dependent scalar dislocations, incorporating dislocation generation due to lock and dipole formation and dislocation annihilation due to athermal and thermal processes given in Ref. [20] .
Another part contributing in slip systems resistance is geometrically necessary dislocations (GNDs) which reflect the source of hardening due to inhomogeneity in superalloys. GNDs can be decomposed into three components including two edge parts and one screw part which are derived from the material time derivative of the Nye dislocation tensor [20] . The parallel and forest dislocation densities can be written as functions of SSDs and GNDs.
Finally, the mobile dislocation density r a m is written as [18] :
where c 4 can be evaluated in terms of c 2 and c 3 as c 4 ¼ 2c3 c2 .
Criteria for nucleation of dislocations in the precipitates (g' phase)
The most dominant dislocation mechanism for all temperature ranges is dissociation of a super-dislocation into two partials separated by an anti-phase boundary or APB. These long screw dislocations incline to be locked in KW configurations and create local obstacles as temperature increases. The creation rate of these obstacles is a function of cross-slip rate which increases by increasing temperature. The enthalpy term for cross-slip changes as the non-Schmid shear stresses t a pe ; t a se and t a cb change. These components are responsible for dislocation dissociation during crossslip mechanism however, there are no dislocation core effects for cube slip systems. Hence the dislocation nucleation criterion in g' phase can be divided into two categories, viz. (1) for octahedral slip systems with non-Schmid effects and (2) for cube slip systems without non-Schmid effects. To accommodate these two conditions in the crystal plasticity constitutive models, the APB shearing criterion in Ref. [6] is extended as follows: 
This criterion is valid for both octahedral and cube slip systems. However the criterion for octahedral slip systems depends on the non-Schmid components, which means it changes as the crystal orientations change while for cube slip systems it is similar for all crystal orientations. Therefore, the critical shear in Eq. (6) system can be written as:
For octahedral slip systems, the critical shear stress t a co depends on the cross-slip dislocation density and can be expressed as
Here G is the shear modulus [11] . The strength of the pinning obstacles can be accounted by the temperature parameter x. This strength decays exponentially when temperature increases, according to the following relation:
There are three materials parameters x 0 , A and q c in this equation. q c is a critical temperature, which can be approximated as the precipitation temperature for g' particles [11] and q is the absolute temperature. The cross-slip dislocation density r a CSD can be stated as:
The initial dislocation density r 0 is the cross-slip dislocation density at complete yield and H a is the activation enthalpy term for cross-slip [18] : . There are two important factors in increasing dislocation densities of the cross-slip mechanism, which are the creation of thermally activated constrictions and increasing temperature. The critical shear stress stated in Eq. (9) evolves by increasing dislocation densities of the cross-slip mechanism. However, the strength of obstacles decreases by an increase in the temperature according to Eq. (10). Hence, there is a competition between the increasing strength with formation of KW locks, and decreasing obstacle strength with increasing temperature.
Calibration of parameters in the constitutive law
There are two types of material constants in Eqs. (3) By using data given in Refs. [11] , the cube slip resistance can be calibrated as a function of temperature as:
) is considered to have cubic symmetry for both phases. The elastic stiffness tensor components are function of temperature. For the g phase, the non-zero components of the stiffness tensor can be obtained as [22] :
For the g' phase, the non-zero components of the stiffness tensor are:
The rest of the material constants in the constitutive model are calibrated from experiments on single crystal CMSX-4 in Ref. [11] . The alloy contains 70% volume fraction of predominantly cuboidal g' precipitates of average size 0.45 mm. The average size of the RVE selected for these tests is 0.5 mm. In order to do the calibration process, a single crystal is modeled with the crystal plasticity constitutive relations for different loads. The results including Stress-strain plots from these simulations are compared with those in experiments in order to calibrate material constants. The calibrated parameters are listed in Table 1 .
Validation of the sub-grain CPFEM model
The results of the crystal plasticity constitutive model for dislocation nucleation in both g-g' phases stated in Section 2 in the CPFEM framework are compared to experimental data, which were performed in Refs. [23e26] . These experiments are done on CMSX-4 nickel superalloys or on a very similar compound therefore the RVE is constructed for cubic precipitates with the size of 0.45 mm located at eight corners with a 70% precipitate volume fraction. The RVE is a cube with length of 0.5 mm that is discretized into 2200, 8-noded trilinear brick elements. Minimum boundary conditions are applied as explained in Ref. [6] . The model can be used effectively to predict the mechanical behaviors of Nickel-based superalloys considering the effect of temperature from room temperature to 950 C, all orientations of the standard unit triangle, different quasi-static range strain rates for both tension and compression. Fig. 4(a) . The simulation in room temperature is done for [111] orientation and shows high yield stress because cube slip systems are not activated in this temperature. Furthermore, the transition from the elastic to plastic part is very sharp which shows that dislocation activities in channel and matrix start almost simultaneously. Two simulations under elevated temperature are done for [001] orientation. In both simulations, it can be observed that initially plastic deformation start in channel where the slope of the elastic part changes slightly for the stress around 600 MPa. The yield stress and hardening decrease dramatically from 800 C to 950 C. Comparison shows satisfactory agreement between the simulations and experimental data.
The second set of simulations is creep tests performed for two orientations with different intensities. As expected crystal orientation [256] is the weaker orientation and according to [24] it fails after a short time, while orientation [001] for the same creep load shows less than 1% plastic strain at the same time as shown in Fig. 4(b) . According to [24] orientation [001] even doesn't fail for a long time under 820 MPa creep load and shows plastic strain around 5% after 150000s. While the creep test for a compression load for intensity of À600 MPa shows plastic strain, where simulation for tension test under the same load didn't show any plastic deformation. Comparison shows acceptable agreement between the simulations and experimental data. 
Grain-scale crystal plasticity framework
The homogenized single crystal grain-scale for FCC Nickel superalloys is obtained from parametrized representation of the morphology of the precipitates, which is explained in Ref. [6] . The homogenized parametric constitutive model, which is a function of the morphology of the microstructure includes shape, size and volume fraction. The constitutive model is an Orowan-based model including hardening parameters, cutting (t a cut ) and passing (t a pass ) stresses that resemble thermal (s a a ) and athermal (s a Ã ) shear resistances and can be stated as:
In order to incorporate the cross-slip mechanism in this length scale, cross-slip shear resistance is considered as the second mechanism contributing in the cutting stress represented in Eq. (13). The locked cross-slipped dislocations increase the hardening by acting similar to obstacles. The enthalpy term for cross-slip mechanism is extended in the same approach employed in the sub-grain scale presented in Eqs. (8)e(12). The non-Schmid components t a pe ;t a se and t a cb are considered to have the same duties in the sub-grain scale but in a homogenized form. Hence, the crossslip shear resistance as a portion of cutting stress can be stated as:
The total thermal shear resistance or cutting stress can be calculated as:
3.1. Calibrating the constitutive parameters of the single crystal grain scale
Eq. (13) holds several material constants, some are dependent to the morphology and some are not. The independent ones or fixed material constants are taken from (5). Other materials parameters, including temperature effects and the enthalpy term in Eq. (14) , are calibrated by the same approach explained for the sub-grain scale using similar equations. They are listed in Table 2 .
Homogenized AE-CP model from Sub-grain RVE model
The morphology-dependent constitutive parameters in Eq. (13) for the homogenized single crystal grain-scale model is considered to be governed by macro-micro energy equivalence [27, 28] , where the micromechanical analysis is conducted with the sub-grain RVE model. The constitutive model includes functional parameters in terms of morphological variables.
Morphological variables in the sub-grain microstructural RVE
The sub-grain microstructural RVE consists of two-phase g-g'
which is characterized as three morphology variables to incorporate the volume fraction, shape and size of the g' phase. They will be used as (1) 
VRVE for volume fraction of the g' phase (2) n for the shape factor of the g' phase which is obtained by considering g' as a super-ellipsoid with the same dimension in principle directions
between precipitates. Therefore, different morphology with different volume fraction, shape from spherical precipitates (n ¼ 2) to cubic ones (n/∞) and different size of precipitates can be produced. For shape factor, n 1 ¼ tan À1 (n) will be used instead of n for avoiding to use singular values for cubic precipitates.
Functional forms of the single crystal homogenized constitutive parameters
Four constitutive parameters in the single crystal grain scale,
Þ and s a cross ðn 1 ; v p ; l c Þ are calibrated by comparing the stress-strain response from the AE-CP model, with the volume-averaged response from the sub-grain RVE model simulations for constant strain-rate tests of 10 À4 s
À1
in the [010] direction at 800 C. The calibration process is performed by creating 37 different RVE microstructures with different morphology including different shape factor (n), volume fraction (v p ) and channel width (l c ). In the next stage, dislocation densitybased in the sub-grain scale is applied to each of these microstructures to generate a volumetric stress-strain curve up to 10% true strain. In order to satisfy Hill-Mandel principle, the same volumetric stress-strain response is generated in grain scale single crystal using AE-CP model by changing following constitutive parameters. This extensive set of simulations result the following functional forms of the single crystal constitutive parameters by using least square minimization method. The size dependent variable l c reflects explicitly the size-effect due to the presence of geometrically necessary dislocations in the sub-grain scale model. The units of l c and initial thermal resistance saturation shear resistance and cross-slip shear resistance are mm and MPa respectively, while s 0 is dimensionless. temperature, strain-rate, orientation dependency and asymmetry in tension-compression and relaxation behavior of this material. The results of each set are compared to experimental data.
Effect of temperature in CMSX-4
In order to show the dependency of the model on temperature, two sets of simulations are performed. For these two sets, simulations are performed for four temperatures including room temperature, 800 C, 850 C and 950 C. . Results from the crystal plasticity homogenized single crystal model and experiments are compared and shown in Fig. 5(a) . Results from the crystal plasticity homogenized single crystal model and experiments are compared and shown in Fig. 5 (b) which shows quiet good agreement with experimental data. The flow stress at higher temperatures is much less than at room temperature due to activation of cube slip systems.
Effect of orientation and asymmetry in tension-compression in CMSX-4
Experiments on Nickel-based superalloys demonstrate significant variations with respect to orientation on the standard unit triangle, however the behavior changes as temperature increases. At temperature, with low cross-slip probability, yield stress in Nickel-based superalloys agrees with Schmid law due to same critical shear stress resistance in different orientations. No asymmetry in tension-compression is reported except for orientation close to [011] . Hence, the lowest Schmid factor results in highest yield stress. In other word, orientations close to [111] corner have the largest yield stress. The situation changes as temperature increases due to the higher probability of cross-slip and activation of cube slip systems. This is the case for temperatures higher than 1000 K where orientations close to [111] will have the smallest yield stress due to activation of cube slip systems, and significant changes will occur in critical shear stress resistance due to locking cross-slipped screw dislocations. [26] . The resulting stress relaxations are shown in Fig. 7 .
Conclusions
This paper develops non-Schmid constitutive models for two scales and bridges these scales in a hierarchical framework from two-phase g-g' sub-grain scale to a homogenized single crystal grain-scale constitutive model. For the single crystal or grain scale, a homogenized crystal plasticity finite element model is developed, which includes both non-Schmid effects and morphology variables of precipitates. Cross-slip mechanism is included in the enthalpy term, which is a function of the anti-phase boundary energies and the non-Schmid shear stresses. The non-Schmid components t a pe ; t a se and t a cb are the main factor in the dislocation dissociation and they are slip system dependent. The hardening parameters in the sub-grain g-g' include statistically stored dislocations, crossslip dislocations and geometrically necessary dislocations. The homogenized model incorporates the sub-grain g-g' morphology, viz. the size, shape and volume fraction of the g' particles. The constitutive model in the homogenized grain scale includes the thermal shear resistance, the saturation shear resistance, the reference slip-rate and cross-slip shear resistance as four homogenized parameters, which are given as functions of the g' morphology. There is a size dependency in the two-scale model where it naturally occurs in the sub-grain scale due to the presence of gradient of plastic deformation especially near interface of two phases, and is passed in the homogenized single crystal grain scale model through the channel-width. Not only can the homogenized activation energy-based crystal plasticity model reproduce the results of the sub-grain scale but the results from this model are in good agreement with the experimental results. Tensioncompression asymmetry and orientation dependency of these alloys, observed in experiments, are well represented by this model. The overall hierarchical model has the potential of significantly expediting polycrystalline simulations, while retaining accuracy.
